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Covering Lattice 


Kit Tyabandha, Ph.D. 


A covering lattice of any two-dimensional lattice is the lattice ob- 
tained by joining midpoints of consecutive edges together. The code 
(Tiyapan, 2004) finds covering lattices up to the eighth one and com- 
putes the total area of the cells for each case. 


The square lattice is the only regular covering lattice, that is it is 
both the dual and the covering lattices of itself. But all polygonal tilings 
and tessellations can have a covering lattice, or in fact an infinite orders 
of covering lattices. 


Coverings can be generalised to a general dimension d. In two 
dimensions they are lines, i.e. having two vertices, straight lines each of 
which join two lines across a corner. For three-dimensional polyhedral 
tessellations they are planes with three vertices, triangles each of which 
join three planes across a corner, in other words a coign. Then in four 
dimensions they may be polyhedra with four vertices, tetrahedra each 
of which joins four 4-d polytopes across a four-edged corner in four di- 
mensions, and so on. In d dimensions, then, perhaps they are polytopes 
with d vertices, three-cornered (d — 1)-polytopes each of which joins d 
d-dimensional polytopes across a d-edged corner in d-dimensions. 


One interesting property of covering lattices is that they leave the 
voids intact while reducing only their size. Thus the structure and 
complexity of the original tessellation remain unchanged. This can 
be useful when we want to exclude some of the volume. In filtering 
membrane studies, for instance, this is ideal since all the voids still 
remain in the same position. 


The process of covering is similar to that of shrinkage in cell in 
that there is a retreat away from corners. This could be because corners 
are hard to maintain. Surface tension is high there, and like a nook, 
recess, or remote, unstrategic parts of a country the cost of maintaining 
and governing is high. In the case of a country, conflict in such parts is 
analogous to the high surface tension in corners of cells. 


When an empire or a metropolitan city declines, the process is 
similar. Such far corners are the first parts to fall into chaos. Law, 


Vaen Sryayudhya, Editor April 2006 195 


Tyabandha Journal of Arts and Science Vol. 3, No. 2 


order and security shrink away from them. The Roman Empire is an 
excellent example of this. In its heyday it reached out to every corner 
of Europe, however far. When it came to the decline, it literally pulled 
itself together, though it never could pull itself together again after that. 
It drew away first from those far corners, England for instance, and 
then towards its nucleus and died. 


Manchester is another interesting example. After the industrial 
revolution, and under the governance of the Conservative party, the city 
declined. And as it did, all the different nuclei became prominent, if 
only because the distance between them became more so. Thus Bolton, 
Altrincham and Stockport, for example, shrunk towards their nuclei, 
leaving behind dangerous districts where mugging, murder and crime 
are rampant like the Moss Side decades ago until shortly after the IRA 
bombing of the city centre. When an urban area fades away it does not 
do so suddenly but like the plant cell subject to a dewatering process 
or a polygonal tessellation to a covering one. 


Random fluctuation can create areas of irregularity within a ho- 
mogeneous and isotropic universe. These irregularities become nuclei, 
and from duality of the structure fine partitions start to develop around 
them which become Voronoi facets. Gradually but steadily the gas 
shrinks to form the galaxies of our present universe. 
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(i) 


Figure 1 Covering lattices, stone pavements, or galaxies in the forming? (a) 
V, (b) Ci(V), (c) CV), (d) C°(V), (e) C*(V), (F) C°(V), (8) C°(V), (h) 
C7(V), (i) CY). 
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Figure 2 The area of multiply covered cells 


Figure 1 (a) to (i), which are the results of the covering operator 
applied to a Voronoi graph eight times in succession, represent this 
situation. Figure 2 shows the area of multiply covered cells C"(V),n = 
0 to 8, where C°(V) is the Voronoi graph VY. Circles are the per cent 
total area, and the curve is y = 10-°8*+?. The code gxy.m to find the 
covering contours above is given elsewhere (Tiyapan, 2004).. The area 
of the cells decreases from the covering operator, not linearly but with 
deceleration as Figure 2 shows. 


On taking a closer look at Figure 1, one can interestingly notice 
that even though all pores shrink from the application of the covering 
operator, some does so much quicker than others. In particular, round 
pores shrink but slower. The more corners a pore has the less acute are 
the angles, which makes it the more stable and thus able to maintain 
its original size. 


Geometrically, one can see that the most unfortunate of all poly- 
gons is the triangle. The area of a triangles of any shape reduces by 75 
per cent upon being covered. The circle is the most fortunate in this 
matter since it has no corners and therefore it is impossible for these 
to be cut. This is in accordance with our argument that corners are 
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